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Abstract— This paper presents a study of behaviors of
high-order multi-source Rauch filters based on the
characteristics of complex functions. The advantages of
Rauch’s connections are an easier selection of circuit
components and a simpler design in fully differential forms
and complex topologies. A general superposition formula is
also introduced for deriving the transfer functions of multi-
source transmission networks such as fully differential
amplifiers, fully differential low-pass filters, polyphase filters,
complex filters, and quadrature signal generation circuits
because the shapes of any motions and the characteristics of
any transmission networks are analyzed based on
superposition principle. The proposed Nichols chart of the self-
loop function is used to do the ringing test for high-order
Rauch low-pass filters because it can be easily calculated using
MATLAB, simulated using SPICE, and measured in Network
Analyzers. The innovation of Nichols chart of self-loop function
is a useful tool for the ringing test for high-order networks.
The simulation results of the phase margin at unity gain of the
self-loop function in a proposed design of the 4"-order Rauch
low-pass filter are 74 degrees (over-damping region), 68
degrees (critical damping region), and 59 degrees (under-
damping region). The pass-band gain and the image rejection
ratio of the proposed design of a 4"-order Rauch complex filter
are 12 dB and 32 dB, respectively. It’s shown that complex
functions play an important role in mathematical models of
motion in the multi-source networks.

Keywords— Ringing Test, Self-Loop Function, Nichols Chart,
Rauch Filter, Multi-Source Network, Superposition Principle.

. INTRODUCTION

Modeling of motion is one of the most important topics
in physical science because everything in the universe moves
(such as electrons, protons, photons, people, stars, galaxies,
and so on...). Complex functions which imaginary unit j
represents a 90-degree phase shift are used to describe the
shapes of the natural motion in both two-dimensional and
three-dimensional domains which are investigated in both
time domain and frequency domain. In theoretical analysis
and practical measurement, the characteristics of the natural
waveforms and the real behaviors of their transmission
networks are usually projected in a specific referent complex
plain which is investigated at time variation or at frequency
variation . In addition, sinusoidal signals are the projections
of helix waves on a normal plain. Therefore, helix waves are
proposed to analyze the behaviors of analogue signals such
as sinusoidal signals, multi-harmonic signals, multi-phase
signals in both time and frequency domains [1].

Rauch filters as a class of multi-feedback filters are
popular and applied in modern electronics. These filters are
often compared with Sallen-Key filters [2]. The motivation
of this study on high-order multi-source Rauch filters based
on complex functions comes from the high quality of the
performance requirements of high-order systems. The
conventional concept of loop gain is used to do the stability
test in many research papers, textbooks, and commercial

products because ringing is a wasteful power. However, the
theoretical calculation, the laboratory simulation and the
practical measurement of loop gain are not unique, so it is
not used to investigate the operating regions of high-order
systems. The observation of the phase margin at unity gain of
the self-loop function helps us determine the operating
regions of high-order systems quickly. With the proposed
superposition formula, the transfer functions of high-order
complex filters and polyphase filters are easily derived and
investigated in both positive and negative frequency
domains. The behaviors of multi-source networks are
clarified by the theoretical analysis, the laboratory
simulations, and the practical measurements.

The main contributions of this work are the analysis of
helix waves, the ringing test for a 4™-order fully differential
Rauch low-pass filter and the derivation of the transfer
function and the image rejection ratio of a 4™-order Rauch
complex filter. The proposed Rauch complex filter
overcomes some limitations of the conventional filters such
as high power-loss in case of high-order RC polyphase
filters, and large power-consumptions in case of high-order
complex filters. Helix waves are considered as fundamental
waveforms of the natural motion. In addition, the use of the
superposition formula is a fast network analysis method for
high-order multi-source systems.

This paper contains 7 sections. Some basic concepts for
modelling of motion are presented in Section Il. The
classification of the analogue signals is presented in Section
I11. Section IV shows the proposed superposition formula for
deriving the transfer functions of the multi-source systems.
The ringing test for high-order Rauch low-pass filters is
performed in Section V. The behaviors of a 4"-order Rauch
complex filter are investigated in Section VI. The main
points of this work are summarized in Section VII.

Il. BAsic CONCEPTS FOR MODELING OF MOTION

A. Roles of motion models

This section will recall the roles of mathematical models
of motion in physical sciences. The state of the object is
usually investigated using Cartesian coordinate systems in
both two-dimension and three-dimension domains. The
shapes of objects are often projected from a referent three-
dimension to a referent two-dimension domain. However,
the Cartesian coordinate systems are not widely used in the
mathematical models of motion because it is very difficult to
express the shapes of motion of a natural signal using a pair
of numerical coordinates, or a triplet of numerical
coordinates at time variation. Therefore, the study of
complex numbers in a referent plane continues and has been
enhanced in many centuries [3].

A set of complex numbers is also called a complex
function which describes the shape of a motion at time
variation or the behaviour of a transmission network at
frequency variation [4]. It is also known that complex
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functions arise for a wide variety of reasons and are studied
because they may be physically significant and hence cannot
be neglected in mathematical models of motion in both time
and frequency domains and in both two-dimensional and
three-dimensional domains [5]. Moreover, the waveform of a
natural motion is often expressed in three-dimension domain.
For instance, the shape of a water drop from a faucet in
three-dimension domain is given in (1). The waveform of the
water drop is shown in Fig. 1.

V(t)—{Re(t)—tcos(t);Im(t)—tsin(t);Al(t)——zljt_sin(t)} M

The quantitative tools and concepts needed to understand
the physical nature of motion in multi-source networks are
challenging. It is difficult to investigate the characteristics of
a real motion of multi-source networks in both theoretical
analysis and practical measurement because the basic
theories for large-scale systems are not widely studied [6].
Therefore, the behaviours of a real motion are usually
investigated in two-dimensional domain where the shape of
waveforms and characteristics of transmission networks are
projected in the specific referent complex plains and
observed at time variation or at frequency variation [7].
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Fig. 1. Waveform of a water drop in a three-dimensional domain.
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Fig. 2. Shapes of sin(t) and jsin(t) on the vertical and horizontal planes.

B. Meaning imaginary unit in complex numbers

The meaning of imaginary unit in two-dimensional and
three-dimensional domains is explained in this section.
Complex numbers can be efficiently used for the solutions of

polynomial equations because it holds all of the other
numbers such as real numbers, rational numbers, and
irrational numbers. Although the basic concepts of complex
numbers are well known in a simplest equation x? + 1 = 0,
the meaning of imaginary unit j and its applications might
not be understood [8].

It’s well known that Euler's formula is a mathematical
formula in complex analysis that establishes the fundamental
relationship between the trigonometric functions and the
complex exponential function. Euler's formula is ubiquitous
in mathematics, physics, and engineering because Euler's
formula evaluates to ei™ + 1 = 0. It is very easy to proof this
formula using a power series for sine function (Asin(wot+
©y)) and cosine function (Acos(wot+ Og)) at a specific time in
(2). However, it is very difficult to clarify the differences of
signal spectrum and system spectrum using Euler's formula
or a power series of a complex number because the time and
frequency domains of a system are analysed separately [9].
In other words, the waveform and spectrum in time and
frequency domains are not well defined in the Euler's
formula. Moreover, sinusoidal waves are the shapes of the
natural periodic motions which are projected on a referent
plane [10]. Therefore, the Euler's formula is not used in the
mathematical model of motion because sine and cosine
waves on two different planes cannot be added.
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For example, the sine functions Vi(t) = Asin(wet+ Oo)
and Vo(t) = jAsin(wet+ ©) where the amplitude is one
(A=1), the angular frequency o is one (wo=2nfy=1), and the
original phase is zero (6, = 0) on the horizontal and vertical
planes (or real and imaginary planes) are given in (3). Fig. 2
shows the waveforms of two sinusoidal functions
Vi(t)=sin(t) and V(t)=jsin(t) on the vertical and horizontal
planes at time variation.

Vl(t)z{Re(t):sin(t);lm(t)zo; AI(t):t} 3)
v, (t)= {Re(t) =0;Im(t)=sin(t); Al (t) =t}

There are three main factors that set up a model of
motion including signal source, transmission network, and
time [11]. In time domain, signal sources can be periodic
signals (sinusoidal waves, square waves, and so on...), or
non-periodic signals. The spectra of signal sources are
analysed in frequency domain. Moreover, signal sources can
be divided into the single-phase source and the multi-phase
source according to the single-ended network and the multi-
source network. The transmission network will affect the
phase and the amplitude of the signal source in different
ways. Transmission networks are usually analyzed in
frequency domain. Complex functions are used to express
both signal sources and transmission networks. Imaginary
unit j represents the 90-degree phase shift from a referent

=cos(0)+ jsin(6)




axis in two-dimension domain, or a referent plane in three-
dimension domain [12].

In mathematical models of signal sources, complex
functions can be expressed in both time and frequency
domains. Sine and cosine waves are the shapes of helix
waves in different planes. The amplitude in time domain and
the magnitude in frequency domain of a sinusoidal signal are
not the same. The phase-order of multi-phase signals
determines the polarity of complex signals which are called
positive and negative polyphase signals [13]. Up to now, the
fundamental concepts of helix waves, single-ended signals,
complex signals, and polyphase signals are not well defined
in both time and frequency domains. In addition, multi-
source transmission networks are widely used in wireless
communication systems such as fully differential amplifiers,
fully differential low-pass filters, polyphase filters, complex
filters, and quadrature signal generation circuits while a
general stability test for high-order multi-source systems, and
a superposition formula for deriving the transfer functions
and the image rejection ratios of multi-phase systems are still
not introduced [14].

C. Limitations of conventional complex functions analysis

There are some limitations of the conventional methods
such as ordinary differential equations, superposition
theorem, Nyquist stability condition. Ordinary differential
equations are used in many mathematical models of motions
[15]. Based on Euler's formula, a second-order ordinary
differential equation can be solved easily. In addition,
Fourier's transforms, Laplace’s transforms, and Hilbert’s
transforms can be also used to analyse some differential
equations of some basic multi-source mechatronic networks
in the frequency domain. However, the inability to explicitly
solve high-order differential equations arises in elementary
courses. One frequently gets the impression that these
equations can usually be solved that explicit formulas for the
solutions can usually be found in terms of powers,
exponentials, and trigonometric functions which are complex
functions. Therefore, mathematical models for energy
propagations of objects based on complex functions are
studied many recent decades [16].

In mathematical models of transmission networks,
complex functions can be plotted in Nyquist diagram, Bode
plot, and Nichols chart. Kirchhoff’s laws lead to the
conventional superposition principle for mathematical
modeling that describe the relationship between the input and
output of electronic systems [17]. However, it takes several
times to analyze the behaviors of multi-source networks
because the effects of each source should be considered
independently. It requires that some signal sources should be
removed and replaced without affecting the final result. The
application of the conventional superposition principle
becomes a painful experience when a high-order multi-phase
network is analyzed because it requires a huge amount of
hand calculation [18]. Therefore, a superposition formula is
introduced for deriving the transfer functions and the image
rejection ratios in these multi-phase networks.

In high-order electronic feedback and non-feedback
systems, ringing or overshoot voltage causes extra current to
flow, which leads to thereby wasting energy, causing extra
heating of the components, and making the system unstable
[19]. Ringing occurs in both passive and active circuits, and
it happens in both feedback and non-feedback systems.
Ringing makes the feedback systems unstable. Therefore, the

stability test should be done. The stability test is a valuable
tool for analyzing high-order systems. Learners, however,
often find this topic confusing and difficult to understand
[20]. Some reasons for this difficulty and confusion are the
derivation of the loop gain in feedback systems and the
assumptions of the feedback analysis [21]. Furthermore, it is
difficult to analyze the response of overshoot and undershoot
of a high-order network, because the corresponding inverse
Laplace transform of the response is difficult to compute
analytically [22].

The Nyquist diagram of loop gain cannot be applied for
high-order linear electronic systems because Nyquist’s
stability condition does not show the operating regions of a
linear network. Moreover, the Nichols chart of loop gain is
only used in MATLAB simulation. And, it is not widely used
in practical measurements. As a result, Nichols chart of the
self-loop function is used to study the operating regions and
compute the phase margins of high-order multi-source
systems [23]. The inspection of the Nichols chart allows the
determination of the exact values of the phase margin at
unity gain of the self-loop function in a transfer function.
Hence, there is no need to use the Nyquist criterion which is
an important stability test with applications to adaptive
feedback systems. Furthermore, the phase margin allows the
prediction of ringing that drives the system unstable.
Therefore, the investigation of phase margin at unity gain of
the self-loop function has been the focal point of many
extensive research works [24].

1. CLASSIFICATION OF ANALOGUE SIGNALS

A. Behaviors of helix waves

In this section, the properties of helix waves are
presented. The sine and cosine waves are the projections of
the helix waves on different reference planes. Helix waves
are the fundamental waveforms in mathematical models of
motion [25]. The patterns of motion in the coil (or inductor),
spring pendulum are helix waves. In general, helix waves
can be used to express the behaviours of a periodic motion at
time variation. The polarity of a helix wave is conventionally
determined based on the direction of motion in the
transmission network. In the anti-clockwise direction, a
positive helix function Vhe.(t) is written in (4). A positive
helix function Vhe:(t) = Ahe(wot+6) can be expressed
separately in three axis functions: real function Re(t) =
Veos+(t) = Acos(mot+60y), imaginary function Im(t) =Vsin+(t) =
Asin(mot+6p), and altitude function Al(t)=t. Here, the
amplitude is A and the positive rotation angle function is
Op(t) = wot+Oo. Fig. 3 shows the positive helix function
Vhe+(t) = he(t) at a specific angular frequency (wo = 2xnfy = 1)
on the complex plane at time variation. The spectrum of the
positive helix wave is given in (5).

Re(t
Vie, (1) = Ahe (ot +6,) =< Im(t
Al(t

)=Acos(apt+6,)
)=Asin(at+6,) @
):

Ve, (T )| =|Ahe(@,T, + 6, )| = AV2e ") (5)
In the clockwise direction, a general negative helix
function Vpe-(t) is written in (6). The negative helix function

Vhe-(t) in three separated axis functions are real function
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Re(t)=Vcos-(t) = Acos(-wot-Oq), imaginary function Im(t) =  Vlt)
Viin-(t) = Asin(-mot-6y), and altitude function Al(t)=t. Here,
the negative rotation angle function is ©y(t)=-wet-6,. Fig. 4
shows the negative helix function Ve (t) = he(-t) at the ®
specific angular frequency (wo=2nfo=1) on the complex
plane. The spectrum of the negative helix wave is given in
(7). In the time domain, the amplitudes and the phases of
helix, cosine and sine waves are the same. However, the
amplitude in time domain and the magnitude in frequency
domain of these waves are not the same.
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|Vhe— (To )| = | Ahe(_a’oTo - 90 )| = A\/Ee_j(%Towl)) ™ Fig. 3. Waveforms of Vie:(t), Vsin+(t), and Vees+(t) functions.
As the amplitude of a helix wave is one, its spectrumis a —Vielt)

square root of two. On the contrary, the spectrum of a sine ]
wave is a half of a square root of two when its amplitude is
one. The spectra of helix and sine waves are shown in Fig.
5. In addition, the impedances of transmission networks may
change the amplitude and phase of signal sources at
different frequencies. Therefore, the behaviours of
transmission networks are usually analysed in frequency
domain. Understanding of helix functions is being able to
think flexibly the properties of natural waves in both two-
dimensional and three-dimensional domains. Figs. 3, 4, and
5 clearly demonstrate the differences between the amplitude

ime (s)
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in time domain and the magnitude in frequency domain of Resais] 08 g 08 0N
helix waves and sinusoidal waves.
In a referent normal plane, waveforms can be divided Fig. 4. Waveforms of Vie.(t), Vein-(t), and Vees.(t) functions.

into single-ended signals, multi-harmonic signals, and multi-
phase signals. In a single-ended system, the sinusoidal

functions and their spectra are easily derived based on the i Mi%gwde v Viwilt)
properties of helix waves. The wave functions and the 12v
spectra of sine and cosine waves are given in (8)-(11). o
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B. Characteristics of multi-harmonic signals
AJ_ (on0+eO+’2fj j[wOTo+ao+;]J an In this section, the characteristics of multi-harmonic
te signals are analysed. It’s well known that a square wave is a
multi-harmonic signal. Fourier series expansion shows that
any periodic signal can be written as a sum of harmonic
signals having exactly integral number of cycles within the
period time [26]. In other words, power series and Fourier’s
series are the simplified forms of the superposition principle
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for the multi-harmonic signals. In time domain, a square
signal Vg (t)= Asq(met+6o) can be defined in (12). Fig. 6
shows the waveform of a square signal and a ninth-order
multi-harmonic sinusoidal wave. In laboratory simulation
and practical measurement, the signal spectrum and system
spectrum are usually investigated in the positive frequency
domain or a half-side spectrum [27]. In addition, the
concept of negative frequency for signal and system is still
not well defined. Hence, the signal spectra of the common
waves are written in the forms of half-side spectrum. Based
on the superposition principle for analogue signals, the
signal spectrum for the square wave is given in (13).

V,, (£) = Asq (et + 6, )

sin[(2n+1)opt+6,]) (12
( le (2n+1) 7
|Vsq (To)| = |A5q (@To +6, )|
(13)
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Fig. 6. Square wave and a ninth-order Fourier series.
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Fig. 8. Spectra of output square signals.

To do the ringing test for high-order systems, a square
wave is usually used to put in the input port. Depending on
the operating region of the system, the output waveforms
can be over-damping, or critical damping, or under-damping
as shown in Fig. 7. The spectra of the output square signals
are plotted in Fig. 8. The ringing test will be analysed in
detail in section V.

C. Characteristics of multi-phase signals

This section deals with the complex functions for the
multi-phase signals in wireless communication systems.
Multi-phase signals are used in wireless communication
systems such as filters, amplifiers, frequency converters, and
signal generators. The characteristics of the input sources
are determined based on the transmission networks which
are called single-ended systems, differential systems,
complex systems, and polyphase systems [28]. So, single-
ended signals such as sinusoidal signals and multi-harmonic
signals are used in single-ended systems. The multi-phase
signals can be divided into differential signals, complex
signals, and polyphase signals. These signals are commonly
used in fully differential amplifiers, polyphase filters,
complex filters, and quadrature signal generation circuits.
The normal sinusoidal signal on the real plane is the cosine
wave. In the differential networks, there are two opposite-
phase signal sources which are called differential signals.
Let V(t) = Acos(mot+6y) be a normal voltage, a differential
signal Sqir{V1,V2} can be defined as in (14). Hence, the half-
side spectra in a referent plane of the differential signals are
given in (15).

Sar Vi3V, } = {L‘ (ij)z} Acos(apt+6,)  (14)

|Sar ViV J| = {L:e" 17} | Acos (o, T, + 6, )|

(15)
— {1’ eijﬂ'} A;/E ej(“’oTo*eo)

In the complex systems, there are two signal sources
which are called complex signals. On the phase-order plane,
the phase-orders of these signals are clockwise and anti-
clockwise [29]. Let Vy(t) = Acos(wot+6g) be a normal
voltage, a positive complex signal Scp{Vp1,Vp2} can be
defined as in (16). Fig. 9 shows the waveforms of the
positive complex signals on a real referent plane. The
concepts of positive and negative angular frequencies are
used to define the phase directions of complex signals in the
frequency domain. The half-side spectra in a referent plane
of the positive complex signals are given in (17). The anti-
clockwise phase-order is a positive complex signal as shown
in Fig. 10(c).

Sep {Vori Vo | ={L(+])} Acos(at +6,)  (16)
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And, let Vq(t) = Acos(wot+Op) be a normal voltage, a
negative complex signal Scn{Vn1,Vn2} can be defined as in
(18). The half-side spectra in a referent plane of the
negative complex signals are given in (19). The clockwise
phase-order is a negative complex signal as shown in Fig.
10(d).

Sen (Vi Voo } = {L(—1J)} Acos (-t —6,)  (18)
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Fig. 9. Waveforms of sine and cosine functions in time domain.
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Fig. 10. Vectors of complex signals in time and frequency domains.

In polyphase networks, there are four signal sources
which are called polyphase signals. In order words,
polyphase signals are the differential forms of complex
signals. Let Vy(t) = Acos(wot+6o) be a normal voltage, a
positive polyphase signal Sp{Vp1,Vp2,Vps,Vpa} can be
defined as in (20). The phase-order of polyphase signals is
also used to define the polarity of the multi-phase signals.
The half-side spectra in a referent plane of the positive
polyphase signals are given in (21).

VyaiViaiVoa) = {L(+1):(+3) 5(+1)'} Acos (@t +6,) (20)
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And, let Vq(t) = Acos(wot+Op) be a normal voltage, a
negative polyphase signal Sp{Vn1,Vn2,Vns,Vaa} can be
defined as in (22). The half-side spectra in a referent plane
of the negative complex signals are given in (23). The
clockwise phase-order is a negative polyphase signal and
vice versa as shown in Fig. 11(a). The angular frequency
variables ® and -® are proposed to represent these signals
on the angular frequency plane as described in Fig. 11(b).
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(a) Phase-order of positive and negative polyphase signals.
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(b) Polyphase signals on the angular frequency plane.

Fig. 11. Characteristics of positive and negative polyphase signals.

D. Summary of characteristics of common analogue signals

In this section, the characteristics of waveforms and
spectra of some common single-ended, multi-harmonic, and
multi-phase signals are summarized. TABLE | shows the
properties of helix signals, sinusoidal signals, square waves,
differential signals, complex signals, polyphase signals in
both time and frequency domains.
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Fig. 12.  Voltage at one node caused by multiple sources.



TABLE I.  SIGNAL SPECTRUM OF COMMON ANALOG SIGNALS.

Signal

Time domain Half-side spectrum
type
Positive
helix Ahe(wt +6,) AJ2e(@To+0)
Negative
helix Ahe(-ogt —6;) AZel)
Cosine Acos(ogt +6,) AJ— (T +6)
Sine Asin(ot +6,) AJ— R
\Asq(moT0 +6,]
ASq(m t+6 ) ) j"(znﬂ)mﬂwewg\\
Square 1 = sin[(2n+l)wut+eo] = A 1+2L
=AlS T 2 & 22n+n
Differential
(i) cin) AV g
cosine {L(ij) }ACOS(%HQ") {Le } ort]
Differential A2 [%TU+0U+ ]
()2 Aci Le "
sine {L(ij) }Asm(a)ot+90) { b= 5
Positive 7
L a2 A\/E i(eTo+6)
complex {L+]} Acos(at +6,) {l,e } > e
Negative ) {1; efj%} A2 pll-avTo=)
complex (=]} Acos(-art -6 2
{1?e+j%;e”":e+j%}
Positive SN2 i3
+ ; A t+6
polyphase {L+J (+1)(+1) } (it +6) Af2ei(eT %)
2
Negati L2 13 ]Jeijae?j”;e?j%”
egative {l;—];(—]) i(=1) }Acos(—a)ot—é?o)
polyphase A «/— oot

IVV. PROPOSAL OF SUPERPOSITION FORMULA

A. Definition of superposition formula

In this section, a superposition formula is proposed to
derive the transfer function in multi-source networks. The
main purpose of this formula is that the actuating voltage
and current sources can be expressed separately with the
node voltage, and the effects of these sources can be
computed at one time. Let V,(t) be a general voltage at one
node. Assume that current Ii(t) and voltage Vi(t) are the
actuating current and voltage sources, the total currents
caused by a node voltage Vo(t) are equal to the sum of
currents distributed by each actuating source. The direction
of the current source is positive as its arrow goes ahead into
a node, and negative as its arrow goes toward the ground as
shown in Fig. 12. The ahead-arrow and ground-arrow
current sources are denoted by I,(t) and I4(t). The voltage
node equation for multiple currents and multiple voltages is
expressed in (24). If the impedances are divided into small
branches, voltage at one node will be calculated by the
impedances of every branch [30]. Here, Zs are sub-series
impedances, and Zp; are sub-parallel impedances. The
simplified superposition theorem formula is a standard
nodal analysis equation for all types of actuating sources

(direct current/voltage sources, alternating current/voltage
sources, dependent and independent current/voltage sources,
multiphase current/voltage sources), and all types of loads
(resistor, capacitor, inductor, transistor) [31].
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B. Behaviour of 4M-order RC polyphase filter

In this section, the behaviors of a 4"-order polyphase
filter shall be analyzed. Fig. 13 shows the schematic
diagram of a 4™-order RC polyphase filter. As the input
signal sources are the positive polyphase signals Sy{V1; V2;
Vi Va3={L#H)(H)5 DIV,  after  the  proposed
superposition theorem is applied at each node, the current
node equations at nodes Va, Vi, Ve, and Vi are derived in
(25). The impedances in the sub-branches are calculated by
the impedances of every branch [32].
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Then, the transfer function of this polyphase filter in the
positive frequency domain is given in (26).

by (j©)' +bp (j0)° +b,0 (j0)° +byp jo+1, (26)
aﬂ(j(u)4+al(jw)3+a2(jw)2 tajo+l '

H, (0)=

As the input sources are negative polyphase signals
Sn{V1; V2, Vs, Va} = {1; (0); (D)% ()%} V(1), the transfer
function of the 4"-order polyphase filter in the negative
frequency domain is given in (27).

by (J0)" +byy (jo) +b,y (j0)° +by jo+1 (27)

H, (0)=
v(©) ao(joa)4+ai(ja))3+az(j(n)2+a3jw+1

Hence, the image rejection ratio of this polyphase filter is
derived in (28). The values of the constant variables of the
4"-order RC polyphase filter are given in TABLE Il. The
entire device parameters of the 4"-order RC polyphase filter
are summarized in TABLE Ill. Fig. 14 shows the simulation
result of the proposed design of 4™-order polyphase filter.
The image signal rejection ratio of this model is 36 dB. It is
properly considered for a narrow band low-IF receiver.




TABLE Il. VALUES OF GIVEN VARIABLES OF RC POLYPHASE FILTER.
Variable Value
bOP (+ J )12 RlRZ RS R4C1C2C3C4
\9
bre | (+))°[RRCC, (RC, +RC,)+RRCLC,(RC,+RC, )]
b2p (+i)° [RC,(RC, +RC,+R,C,)+R,C, (RC, +R,C,)+RCRC, |
bgp (+j)3(R1C1+ chz +R3C3+R4C4)
bON (_j)lz R1R2R3R4C1C2C3c4
\9
bun (_ ] ) [R1R2CICZ ( Racs + RACA ) + RsRACscA (R1C1 + chz ):'
sz (71 ¥ [Rlcl ( RZCZ + R3CCZ + RAC4 ) + RZCZ (RSCJ + R4c4 ) + R3C3R4C4:|
b3N (7 i )3 ( RC, +R,C, +RC, +R,C, )
o RR,R;R,C,C,C,C,
RR,R.C,C,C, + RR;R, (C,C,C, +2C,C,C, + 2C,C,C, +2CC,C,)
& +RR,R,CC,(2C, +C,)+RRR, (CC,C, +2CC,C, +2CC,C,)
RR,C.C, +R;R, (C,C, +2CC, +2C,C, + 2C,C, + 2C,C,)
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Fig. 13. Schematic of the 4™-order RC polyphase filter.

TABLE Ill. PARAMETERS OF RC POLYPHASE FILTER.
Stage 1 Stage 2 | Stage 3 | Stage 4
Resistor Ry R, Rs Ry
Value 1kQ 1kQ 1kQ 1kQ
Capacitor C; C, Cs Cy
Value 227 pF 106 pF 39.8 pF | 19.9 pF
Cut-off frequency f1 f, fs fs
Value 0.7MHz | 1.5MHz | 4MHz | 8 MHz
g
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Fig. 14. Si

mulation result of the 4™-order RC polyphase filter.

Magnitude (dB)

100KHz  1MHz 10 MHz

10KHz
Frequency (Hz)

Fig. 16. Behaviors of pass-band gain of the 4™-order RC polyphase filter.

In practical design, the parasitic elements and the value
variation of chosen components will affect the behavior of
the circuit [33]. Fig. 16 shows the frequency responses of
the pass-band gain of the implemented 4"-order RC
polyphase filter. The 1Q mismatches occurred at below 40
kHz and above 2 MHz in the range from 1 kHz to 10 MHz.
The 1Q mismatches were caused by the parasitic elements
and the value variation of the R, C components. In addition,
the limitations of the measurement equipment and the
characteristics of the active unity-gain circuits also affected
the measurement results [34].

C. Merits of proposed superposition formula

In this section, the merits of the proposed superposition
formula are presented. There are some new concepts of
multi-source signals such as negative and positive
frequency, negative and positive complex signals, negative
and positive polyphase signals, and spectrum of multi-
source signals which are not well defined in the
conventional methods [35]. In addition, there is not a
general formula for analyzing the behaviors of multi-source
networks. In a circuit having more than one independent
source, the effects of all the sources can be considered at
one time [36]. From the concept of the proposed formula,
the transfer function of a multi-source network can be easily
derived. The superposition formula was used to compare
with the conventional superposition principle and the
Millan’s theorem as shown in TABLE IV. However,
Millan’s theorem is not widely applied in multi-source
network analysis. Furthermore, the behaviours of feedback
amplifiers with Miller capacitance due to parasitic
capacitance between the output and input of active devices
are simply analysed based on the proposed formula [37].
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TABLE IV. COMPARISON OF PROPOSED METHOD WITH OTHER METHODS.

Superposition  Conventional ~ Millan’s
Features o
formula Superposition  theorem
Effects of all - - :
. one time Several times  one time
actuating sources
Transfer function
accuracy Yes No No
Single-input
network analysis Yes Yes Yes
Polyphase
network analysis ves No No
Complex ne_twork Yes No No
analysis
Image rejection Yes No No

ratio accuracy

V. BEHAVIOURS OF RAUCH Low-PASS FILTERS

A. Operating regions of high-order systems

In this section, the operating regions of high-order
systems shall be reviewed. Ringing represents the voltage
overshoot or current overshoot. It can be seen in many
research papers, in datasheets of the commercial operational
amplifiers, in the negative feedback amplifiers, and in the
feedback control systems. Complex functions for
transmission networks are usually expressed in three forms:
magnitude-angular plots (Bode plots), polar charts (Nyquist
charts), and magnitude-argument diagrams (Nichols
diagrams) [38]. When the input source, output signal, and
some other sources in the internal dynamics of a network are
known, the transfer function is used to examine the behavior
of the network. The transfer function H(w) of a filter is the
ratio of the output signal Vou(®) to the input signal Vin(®) as
a function of the frequency. A simplified transfer function is
rewritten as in (29). The term “self-loop function” is
proposed to define L(w) for linear networks in both cases
with and without feedback systems.

H ((1)) — VOU[ ((’0) —
V,(0) 1+L(w)

where, A(w) is the numerator function of the transfer
function. Fig. The phase margin of the self-loop function is
directly related to the transient response of a system. It shows
how much the phase margin can be increased before the
system becomes unstable.

In a 2"-order system, the operating regions are over-
damping, critical damping, and under-damping. In the over-
damping region, the amplitudes of high-order harmonics of
the step signal are significantly reduced from the first cut-off
angular frequency; therefore, the rising time is short [39].
The transfer function and the self-loop function of a 2"*-order
system are given in (30). The properties of a second-order
system are summarized in TABLE V. Three typical cases of
a second-order system are given to determine the operating
region of the circuit as shown in Eq. (31). The coefficients of
the transfer functions are

e Under-damped (binomial coefficients ratio is 1:1:1),
o Critically damped (binomial coefficients ratio is 1:2:1),

e Over-damped (binomial coefficients ratio is 1:3:1).

A(w) (29)

H (o)=L (0)=a, (o) +ajoi GO
a(jo) +a jo+1
TABLE V. OPERATING REGIONS OF 2"°-ORDER SELF-LOOP FUNCTION
Case Over-damping
Delta (a) A=a’-4a,>0
|L(w)| of(a0) +22
0(w) g + arctan a';—:)
o :%«/\/5_2 IL(wy)|>1 - 0(w,) > 76.3°
Case Critical damping
Delta(A) A= af —4a,=0
‘L(m)‘ (ag0)" +a?
0(w) g + arctan %fn
L (o) =1 - 0(0y) = 76.3°
Case Under-damping
Delta () A=a’-4a,<0
‘L((D)‘ o (ao(n)2 +a’
0(w) ; + arctan %
o :%ijg_z ()| <1 - 0(e,) < 76.3°
1 ) SN2
H(w)=——F——L(w)= ( J(D) + Jo;
(jo) + jo+1
1 2 (1)
Hy(0)=——————L(0)=(jo) +2jo;
(jo) +2jo+1
1 .\ .
Hy(0) = ———————iL(0) =(jo) +3jo;
(jo) +3jo+1

The Bode plot of these transfer functions, the Nichols
plot of these self-loop functions, transient responses are
shown in Fig. 17, Fig. 18, and Fig. 19, respectively. The
phase margin is observed at unity gain of the self-loop
function. The simulation results of the self-loop functions
show that

e In the over-damping region, the phase margin is 82
degrees (observed at 98 degrees),

¢ In the critical damping region, the phase margin is 76.3
degrees (observed at 103.7 degrees), and

e In the under-damping region, the phase margin is 35
degrees (observed at 145 degrees).




sqg _— Under-damping Critical damping — Over-damping B. Behaviours of op amp without frequency compensation

0d8 In this section, the behaviors of a single-ended two-stage
. e CMOS operational amplifier (op amp) without frequency
% 058 compensation will be presented. Operational amplifiers are
3 ~1odB used in many applications such as unity-gain amplifiers,
g“’"" inverting amplifiers, and active analog filters [41]. The

-25dB
-30dB
-35dB

overall performance of these circuits may be stable or not.
Thus, the stability test and the frequency compensation of
e this op amp are of interest [42]. Fig. 20 shows the schematic

10mHz 100mHz 1Hz 10H: of a single-ended two-stage op amp without frequency
Frequency (Hz) . . . A

compensation. A half small signal model of this op amp is

drawn in Fig. 21. In the conventional Miller approximation,

Fig. 17. Bode plot of the 2-order transfer function. the interpretation of the Miller capacitance is very difficult
overdamping Gritoal amping Under-gaming because there are two loading capacitors in t_hi_s two-stage op
50 amp. After applying the proposed superposition theorem at
40 each node, the current node equations at nodes V,, Vy, and
g 30 Vout are derived in (33).
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Fig. 18. Nichols chart of the 2"-order self-loop function.
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Fig. 19. Transient responses of the 2"%-order self-loop function.

. . . Fig. 21. Small signal model of the op amp without frequency compensation.
The use of Pascal's triangle is a simple way to calculate

the binomial coefficients of a high-order polynomial. In

addition, the properties of the binomial coefficients can be Va[iJr jm(CGSI+CGD1):|:VJ+Vb j0Cep: (33)
also used to determine the operating regions of high-order R Rs

systems [40]. In general, the coefficients of the expanded Vb[jw(c C 4C +C )+i}:\, (J0Coo  Gon) +Vae J0Cons
polynomial (jo+1)" are defined as shown in Eq. (32). For G Y
instance, based on the 4" row of Pascal's triangle as shown in

Table VI, the binomial coefficients of the expanded
polynomial are simplifiedas1:4:6:4: 1.

S

. 1 .
Vou |:J‘D(Cenz +CDBZ)+R7:| =V, ( joCqpy — gmz);

D2

Hence, the open-loop function A(w) and the self-loop

. n . \n .\ ) function L(w) of this op amp are 3M-order complex
(lo+1) =& (jo) +a(jo) " +.+a,Jo+l (32) finctions as in (34). The values of the constant variables are
given in TABLE VII. The gain-bandwidth (GBW) of this op

‘ amp is defined by the multiplication of the direct current

TABLE VI. PASCAL'S TABLE OF THE BINOMIAL COEFFICIENTS gain AO and the Cut_off frequency fBW- The gain-bandWidth

Binomial coefficients is also measure_d at unity gain_ (GBW:_AofBV\_,). As tr_le_ two-
— 1 5 1 stage op amp is used to design a unity-gain amplifier as
shown in Fig. 22, the overall performance of the circuit may
Row3 1 3 3 1 be stable or not.
Row4 1 4 6 4 1 V) (i + b jorb i
— _out — 0 2 .
Rwb) 1t 58 0 ¥ 5 A=V " ator rater raer




TABLE VII.  VALUES OF GIVEN VARIABLES OF WITHOUT
FREQUENCY COMPENSATION.
Variable Value

b() RDIRDZCGDICGDZ

by ~Ro1Ro2 (Coptmz +Con2m )

b RouRo2Gn:Onz

aO R RDlRD2 (CGsl +CGD1)[CDBZCGD2 +(CDBZ +CGD2)(CDBI + CGSZ ):I
+RsRp1R5,C51Cops (CDBZ +CGD2)
RoiRoz [ccnzcnsz (Ceoz +Cos2)(Cepr +Cops +Coesz )]

a +RD1RDZRS ‘:ngGDl (CGDZ + CDBZ ) + ngCGDZ (CGSI +CGD1 ):'

1

+RD1RS ‘:cﬁslcﬁDl +(CG51 + CGD])(CDEI + CGSZ + CGDZ ):'
+RD2R5 (CGsl +CGDI)(CDBZ +CGD2)

az RDl (CGDl +CDBI +CGSZ +CGD2)+ RD2 I:CDBQ +CGD2 (l+ RDlng )]

+Rs [Cem +Cepy (1+ 9 Ros )]

After applying the superposition principle at node Vo,
the output voltage is given in (35).

v, (35)

out A( )(V VOUt)

Hence, the transfer function H(w) and the self-loop
function L(w) of the unity gain amplifier are derived in (36).
The entire device parameters of the two-stage CMOS op amp
are summarized in TABLE V. In this simulation, the
transistor models of TSMC 0.18 um CMOS technology are
used to perform the ringing test for this amplifier. The supply
voltage is 1.8 V, and the bias circuit is not shown.

V,,, 1 _ 1
H(o)=1% et (@)= aa) (36)
in +
A(w)
Vout
{Vin

Fig. 22. Simplified model of the unity-gain amplifier circuit

TABLE VIIl. PARAMETERS OF SINGLE-ENDED OP AMP.
Elements Value (W/L) Elements Value (W/L)
M1 10 um /300 nm M5 10 um /500 nm
M2 18 um /300 nm M6 1.7 um /300 nm
M3 1.6 um /800 nm M7 4 um /300 nm
M4 1.6 um /800 nm M8, M9 1um/300 nm

Fig. 23 and Fig. 24 show the Bode plot of the transfer
function and the Nichols plot of the self-loop function of the
unity-gain amplifier. The magnitude of the transfer function
is very large (15 dB) at high frequency (2 GHz), and the
phase margin at the unity gain of the self-loop function is
very small (13 degrees). Therefore, overshoot and
undershoot occur as shown in Fig. 25.
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Fig. 23. Bode plot of the transfer function of the unity-gain amplifier.
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Fig. 24. Nichols plot of the self-loop function of the unity-gain amplifier.
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Fig. 25. Transient responses of the unity-gain amplifier.

C. Behaviours of a fully differential operational amplifier

In this section, the behaviors of a fully differential two-
stage CMOS op amp with frequency compensation will be
presented. Fig. 26 shows the schematic of a fully differential
two-stage op amp with frequency compensation. A half
small signal model of the fully differential two-stage op amp
is drawn in Fig. 27. After applying the proposed
superposition theorem at each node, the current node
equations at nodes Va, Vy, and Vo are derived in (37).

Vi +\/}J J(’OCGDl

R 37

. joC,
Vb|:1w(CGD1+CDBl+CGSZ +CGD2)+ +m}

1 .
Va |:?+ Jm(cem + CGDl):|
S

1
RDl

Lo JoC ).
1+ joR.C. )’

Iy

=V, ( joCop, — gml)+vout [ joCep,

JoC +i:|:Vb[jwcsDz+
Ro,

1+ joR.C,

joC¢

am|:J('°( GD2+CDBZ)+ m



Then, the open-loop function A(w) and the self-loop
function L(w) of the fully differential two-stage op amp are
5h-order complex functions as in (38). The values of the
constant variables are given in TABLE IX.

Ay Veu®) _ (i)' +b(jo) +by(jo) shjorb, . (3g)
Vo@)  a(jo) +a(jo) +a,(jo) +a,(jo) +a,jo+1’
L) =ay(jo)* +a,(jo)* +8,(jo)* +a(jo)* +a,jo

TABLE IX. VALUES OF GIVEN VARIABLES OF TWO-STAGE OP AMP WITH
FREQUENCY COMPENSATION.

Variable Value
bo RDlRDZRgCGchGDZCé
bl ReRoiRo,Ce I:ZCGDicGDZ +CcCop; —ReCe (CGDlng +Cop2m ):'
b2 RDIRDZCGDI (CGDZ + Cc )
JrRmRDzRCCc (Rcccgmgmz - gm1cc - 2gm1CGD2 B ngchDl)
b3 RoiRo, [29m1gmchcc ’gm(csuz +Cc)’gmzccm
b Ro:Ro2GmGnz
ao Rs RmRDzRécé [Cuszccnz (CGsl +CGD1)+ Cos:Cen1 (CDBZ +Cepy ):'

+Rs RDlRDZRéCé (Coaz +Cepn, )(CGS1 +CGD1)(CDB1 + CGSZ)

| Stage1 Re Co Stage2 |

+

Vin + , + . )
gw' %C(.SI Va ?gml\“ %Cmn %Rmé JI'C(VS: b %gmﬂb% Cpp2 %ang

<

"k

Fig. 27. Small signal model of the op amp with frequency compensation.

TABLE X. PARAMETERS OF OP AMP WITH FREQUENCY COMPENSATION.

RotRo2RECE [ Con2Con +(Cava +Conz ) (Cao: + Con +Cesz )|
+RoxRoaRsRECE [ 9niCooi (Cez +Conz )+ neCops (Coss + Conz) ]
+RosRsRECE [ CosiCon +(Ces: +Coor ) (Cos + Casz +Canz )]

a +RoaRaRECE (Cost + Copr ) (Cose + Cooz)

+Ro;RozRsReCe [ 2Co2:Cooz (Coss * Coon ) + 2CasiCant (Conz +Cosz) |
+RosRo,RsR.Ce (Ces: +Caot ) (Capz +Conz ) 2(Cons +Casz )+ Cooz
+Ro;RozRsReC& [ Coga (Cost + Cas )+ CasiCap +(Coss + Cent ) (Cons + Ces2)]
2R5,RsRCe [ Cos:Copi +(Cest + Copr ) (Cont + Casz + ooz ) |

+RDIRS RCCC I:CC (Cssl +CGD1) + RD2gm2CGD2 (CGsl + CGDI )]
+RpoRsR:Co (2Cap, +2C s, +Cc )| Cosy + Copn (1+ GraRor ) |
+2Rp;Rp,R:Ce. [CDBZCGDZ +(Cos2 +Copz ) (Cop *+Cor *+Casz )}
+RD1RDZRCC§ (CGDI + CDBl + CGSZ +CDBZ + CGDZQMZRC )
+RDIRDZRSCGSICGDI (CGDZ +CDBZ + CC )

+R51Rp,RsCas (Cast + o ) (Coes + Casz + Capz +Cc )

+Rp1Ro2Rs (Css1 +CGD1)(CDBI +Cosz ngRCCC)(CGDZ +C¢ )

+RZCE[ Ros (Caps +Coss +Casz +Caoz ) + Roz (Cepz +Conz )]
+RsR2C2 [ Cosy + Copy (1+ GruRon ) |

2R:Ce [ Rox (Copt +Cost +Cosz +Caps )+ Rs (Cosy +Copr ) |

+ReCq [Ce (Re + Roy + Ry )+ 2R, (Copp +Cogy ) |

+RosRs [ CosiCont +(Cost + Capn ) (Com +Casa +Copa +Cc )|

as +Rp,Rs (Cesy +Copy ) (Copz +Copz +Ce )

+Rp;Rp, [CDBZ (Cepz +Cc ) +(Cep +Cogs +Coes2 ) (Capz +Cosz +Ce )]
+RoyRs 8y Copi [ 2ReCc + Ry (Copa + Copo +Cc ) |

+Ro1Rp20m2 [Rs (Ceoz +Ce )(Cos1 +Copi ) + ReCe (2Cop; +Ce )]

RDI (CGDl + CDBl + CGSZ + CGDZ + CC ) + RDZ (CGDZ + CDBZ + CC )
+2RCCC + RDlRDZQmZ (CGDZ + CC ) + RS (C551 + CGDl + RDlgmlCGDl)

a

In this simulation, the transistor models of TSMC 0.18
um CMOS technology are also used to design the fully
differential op amp. The entire device parameters of this op
amp are summarized in TABLE X. Fig. 28 shows the Bode
plot of the open-loop function and the Nichols plot of the
self-loop function in the proposed design of the two-stage
op amp. The magnitude of the open-loop function is 55 dB
at around cutoff frequency 1 MHz, and the phase margin at
the unity gain of the self-loop function is 90 degrees.

Elements Value Elements Value
M1 10 um /300 nm M11, M12 4 um/ 300 nm
M2, M3 10 um /180 nm M13, M14 4 um /300 nm
M4, M5 2um /300 nm M15, M16 4 um /300 nm
M6, M7 2um/ 180 nm M17 4 um /300 nm
M8, M9 10 um /180 nm M18 4 um /300 nm
R1, R2 500 Q Vvdd 18V
C1,C2 500 fF vem 0.9V
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Fig. 28. Simulation results of the two-stage op amp.

D. Ringing test for a second-order Rauch LPF

In this section, the operating regions of a 2"-order
Rauch low-pass filter shall be analyzed. The single-ended
form of this filter is shown in Fig. 29. After applying the
proposed superposition theorem at each node, the current
node equations at nodes Va, Vg, and V¢ are derived in (39).
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Then, the transfer function and the self-loop function of
the low-pass filter are given in (40).

b . .
—0 ;L(w)zao(jw)2+a1]0);
a(jo) +ajo+1
RE?\%JCZ;

The operating regions of the Rauch low-pass filter can
be determined through the passive components as in (41).

R
by =E3; a,=R,R,CC,;a =[R2 +R; +

1

2
L <[R1R2+R1R3+R2R3 ; Over —damping
R,R,.C,C, 2RR,R,C,
2 (41)
L _[ RR: +RIR + RoR, ; Critical damping
R,R,.CC, 2RR,R,C,
2
L > RR, +RR+RRs | Under —damping
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Fig. 30. Implemented circuit for the single-ended 2"%-order Rauch LPF.
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A commercial op amp LM358 was used in this
implementation. Fig. 30 shows the measurement set up of the
implemented 2"-order Rauch low-pass filter. The Bode plot
of the transfer function, the Nichols plot of the self-loop
function, and the transient response of the implemented
circuit are shown in Figs. 31, 32, and 33, respectively. The
measurement results of the self-loop functions in the
implemented circuit show that

e In the over-damping region, the phase margin is 87
degrees (observed at 93 degrees),

¢ In the critical damping region, the phase margin is 80
degrees (observed at 100 degrees), and

e In the under-damping region, the phase margin is 50
degrees (observed at 130 degrees); therefore, the ringing
occurs in the transient response of the under-damping region.

To reduce the white noise and random noise, the
differential forms are used in many designs of high-order
amplifiers and filters. Therefore, the differential forms of
high-order systems have been studied recently [43].
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Fig. 31. Bode plot of the transfer function in the implemented circuit.

15— Over-damping —— Critical damping - Over-damping
12 ]
9]
~ 6]
g 3]
§ 0]
2 -3]
g -6
= 91
-12 ]
-15 f T T T T
90 100 110 120 130 140 150 160 170 180
Phase (deg)

Fig. 32. Nichol plot of the self-loop function in the implemented circuit.
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Fig. 33. Transient responses of the implemented circuit.



E. Ringing test for a fourth-order Rauch LPF

In this section, the operating regions of a fully differential
4"-order Rauch low-pass filter shall be analyzed. A
differential form of the 4™-order Rauch low-pass filter is
shown in Fig. 34. After applying the superposition principle
at each node, the current node equations at nodes Va, Vb, Ve,
Vg, and V. are derived in (42).

va(i+1mc1+—+i) Vi, Yo (H) +(+i) VajoC;;
R R R) R R R “2)
1. v, _
VD[R—2+1(,OCZJZR—2+(+]) V. joC,;V, = (vb b)A(o)),
2
V.,
v, i+jo)C3+i+i Ve Ve (H) Lt (+])°Vy joCs;
R, R, R, R4 R5 R,
v

Then, the open-loop function and the self-loop function
of this op amp are given in (43). The values of the constant
variables of the 4"-order fully differential Rauch low-pass
filter are given in TABLE XI.

bO .
1+a0(jo>)4+a1(j®)3+a2(jo>)2+a3jc0,
L(co):aﬂ(j(o)4+a1(j(0)3+a2(j(0)2+a3ju);

H(0)=

43)

TABLE XI. VALUES OF GIVEN VARIABLES OF 4""-ORDER RAUCH LPF.

Variable Value
b RiRy.
’ RR,
ao R2R3R5R6c1c2c3c4
a RR{RS+R6+R5R6JCCC +RR[ 3 J
a R,R,C,C, + RR.C,C, +[R +Ry+ ElRSJ{ )CC
a3 [R2+R3+ %&]CZ+[R5+R6+R5R—:]C4

The behaviors of the open loop function are shown in the
previous section. The fully differential Rauch low-pass filter
is designed for cut-off frequency fo = 100 kHz. Various
values of capacitor C; were used to change the operating
region of this filter. The entire device parameters of this
filter are summarized in TABLE XII. To derive the self-loop
function in high-order systems, the proposed comparison
measurement and the alternating current conservation
methods were introduced [44]. The Bode plot of the transfer
function, the Nichols plot of the self-loop function, and
transient response of the fully differential 4"-order Rauch
low-pass filter are shown in Fig. 35. The simulation results
of the self-loop function show that
e In the over-damping region, the phase margin is 74
degrees (observed at 106 degrees),

e In the critical damping region, the phase margin is 68
degrees (observed at 112 degrees), and

e In the under-damping region, the phase margin is 59
degrees (observed at 121 degrees); and the ringing occurs in
the transient response of the under-damping region.
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Fig. 34. Schematic diagram of a fully differential 4"-order Rauch LPF.

TABLE XII. DEVICE PARAMETERS OF 4™-ORDER RAUCH LPF.

Element Value Element Value Element Value

Ry 1 kQ Rs 3kQ Rs 1kQ
R, 1kQ R4 2kQ Rs 4 kQ
C: 0.4 nF C, 0.2 nF C, 0.3 nF

Over-damping Critical damping Under-damping

Element Value Element Value Element Value

Cs 0.1 nF Cs 0.5 nF Cs 1.4nF
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Fig. 35. Simulation results of the 4™-order Rauch low-pass filter.




It is emphasized that the Nyquist criterion for adaptive
feedback systems can be only used to verify if the transfer
function of a closed-loop system and the loop gain are well
defined. Numerous research papers have demonstrated that
the design procedure used in feedback control theory does
indeed lead to a stable design and even to robust stability in
the case of uncertain plants. However, a rigorous proof for
the stability test based on Nichols chart of loop gain has not
been formulated. The Nichols plot of a loop gain is very
complicated. In this work, the Nichols plot of the self-loop
function is easier than the conventional one as shown in Fig.
35(b). The phase margin of the self-loop function indicates
the operating region of a linear network. In addition, the
operating region of a general transfer function can be
theoretically defined based on Pascal’s triangle [45]. In the
next section, the behaviors of a 4th-order Rauch complex
filter will be analyzed.

VI.

A. Design principle for active complex filter networks

The design principle for active complex filters is
reviewed in this section. The transfer function and the image
rejection ratio in the complex filters are not well defined in
details. In recent years, the demand for fully integrated radio
frequency transceivers in wireless communication gives rise
to great attention to single chip low power transceivers [46].
Therefore, polyphase filters and complex filters are widely
used in these transceivers. A complex filter is designed
based on the frequency shifting of a real active low-pass
filter as shown in Fig. 36. The transfer function of this
complex filter is defined in (44). Here, ¢ and @yt are cross
and cut-off angular frequency [47].
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TABLE XIIl.  VALUES OF GIVEN VARIABLES OF RAUCH COMPLEX FILTER.
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Fig. 36. Frequency shifting principle from a LPF into a complex filter.
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Fig. 37. Schematic of the 4th-order complex filter.
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B. Behaviour of the conventional 4"-order complex filter

In this section, the behaviour of a 4""-order complex filter

is reviewed. Fig. 37 shows the schematic diagram of the
conventional 4"-order complex filter [48]. As the input
signal sources are the positive polyphase signals Sy{V1; V2;

Vs,

Va3={L,(+)i(+i)%(+)°}V(t), after the proposed

superposition theorem is applied at each node, the current
node equations at nodes Va, Vb, V¢, V4, Ve, Vi, Vg, and Voy
are derived in (45).
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Then, the transfer function of this complex filter in the
positive frequency domain is given in (46).

_ by . (46)
HP((O)_ . \4 . \3 . \2 . ’
ao(]‘”) "'aw(J‘D) +a2P(J(D) +agp Jo+a, +1
As the input sources are negative polyphase signals
S{V1; V2; Va; Va} = {1; (0); ()% )’} VA1), the transfer
function of the 4"-order complex filter in the negative
frequency domain is given in (47).

by . @47
& ( j‘”)4 +ay (jm)3 +a (j(”)z +a jo+a, +1

Hence, the image rejection ratio of this complex filter is
defined in (48). The values of the constant variables of the
4"-order complex filter are given in TABLE XIV.

Hy (0)=

ao(joo)4+am(jco) +a,, (] o)) +ag jo+a,+l (48)

IRR () = 22 A
8 (jo)' +a, (jo) +a, (jo) +ag jo+a, +1’
TABLE XIV. DEVICE PARAMETERS OF COMPLEX FILTER.
Element Value Element Value
R11 2 kQ R12 1 m
R 7 kQ R2 3.5kQ
R31 2 kQ R32 1 kQ
C; 86 pF C, 52 pF
Ris 2 kQ Rus 1 kQ
R2s 7kQ R4 3.5kQ
R33 2 kQ R34 1 kQ
Cs 86 pF Cy 52 pF
Gain (dB)
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Fig. 38. Bode plot of the 4th-order complex filter.

Fig. 38 shows the behaviours of the 4™-order complex
filter. In the positive frequency domain, the pass-band gain is
10 dB and the image signal rejection ratio is 33 dB.

C. Design of a 4th-order Rauch complex filter

In this section, a proposed design of a 4™M-order Rauch
complex filter is presented. The advantages of the Rauch
architecture are an easier selection of circuit components and
a simpler design in complex filters [49]. Fig. 39 shows the
schematic diagram of a 4"-order Rauch complex filter. As
the input signal sources are the positive polyphase signals
Sp{V1; V2; V3; V43, after the proposed superposition theorem
is applied at each node, the current node equations at nodes
Va, Vb, Ve, V4, Ve, and Vot are derived in (49).
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Then, the transfer function of this complex filter in the
positive frequency domain is given in (50).

b, , (50)
2y (j0)' +p, (J0) +ap, (j0) +8py jo+ap, +1

H, (0)=

As the input sources are negative polyphase signals
Sn{V1; Va2; Vs, V.}, the transfer function of this complex
filter in the negative frequency domain is given in (51).
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Hence, the image rejection ratio of this complex filter is
defined in (52). The values of the constant variables of the
4"-order Rauch complex filter are given in TABLE XV.
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Fig. 39. Schematic of a 4th-order Rauch complex filter.




TABLE XV. VALUES OF GIVEN VARIABLES OF RAUCH COMPLEX FILTER.

Variable) Value
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TABLE XVI. DEVICE PARAMETERS OF RAUCH COMPLEX FILTER.
Element Value Element Value
Ry 1kQ Ry 3kQ
R, 1kQ C; 0.55 nF
R3 2.8 kQ C, 0.35 nF
Rs 2kQ Rg 3k
Rs 1kQ Cs 0.6 nF
R; 4kQ C, 0.22 nF

Values of the passive components of the 4th-order Rauch
complex filter are chosen as shown in TABLE XVI. Fig. 40
shows the behaviors of the Rauch complex filter in both
positive and negative frequency domains. In the positive
frequency domain, the pass-band gain of this complex filter
is 13 dB. The image signal rejection ratio of this complex
filter is 32 dB. Compare the simulation results with
mathematical analysis and other research papers, the
properties of transfer functions are the same [50].

Transfer function

Magnitude (dB)
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Fig. 40. Bode plot of the 4th-order Rauch complex filter.

VI1I. CONCLUSIONS

This paper has shown the analysis of complex functions
in multi-source networks such as helix waves, polyphase
signals, and high-order Rauch filters. The merits of Rauch
filters are an easier selection of circuit components and a
simpler design in fully differential forms. In complex
functions, the imaginary unit j represents a 90-degree phase
shift. A general superposition formula is proposed to analyse
the behaviours of multi-source networks. This formula is
considered as a fundamental concept for the theoretical
multi-source network analysis because the effects of all the
sources can be investigated at one time. The import of the
superposition formula into the multi-source network analysis
theory is relatively new with much recent progress regarding
the circuit theory.

The ringing test for a fully differential 4th-order Rauch
low-pass filter was performed based on the observation of
the phase margin at unity gain of the self-loop function. The
comparison measurement technique was used to measure the
self-loop function in the transfer function of this low-pass
filter. In case of under-damping, the magnitude of the
transfer function is 15 dB and the phase margin is 59
degrees. Nichols chart of the self-loop function is considered
as a practical tool for the stability test of electronic feedback
systems. In future work, the ringing test for the parasitic
components in the transmission lines, the printed circuit
boards, and the physical layout layers will be done. A tool of
the Nichols chart of self-loop function will be introduced.

This work also introduced a proposed design of a 4%-
order Rauch complex filter. The image rejection ratio of this
complex filter was also defined. The Bode plot of the Rauch
complex filter was expressed in all frequency domains. The
pass-band gain of this complex filter is 13 dB and the image
signal rejection ratio is 32 dB. In future work, the effects of
DC offsets and 1Q mismatches in multi-source networks will
be analyzed.
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